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Abstract
We consider the general N = 1 supersymmetric gauge theory with matter, regularized by
higher covariant derivatives without breaking the BRST invariance, in the massless limit. In
the ξ-gauge we obtain the (unrenormalized) expression for the two-point Green function of
the quantum gauge superfield in the one-loop approximation as a sum of integrals over the
loop momentum. The result is presented as a sum of three parts: the first one corresponds to
the pure supersymmetric Yang–Mills theory in the Feynman gauge, the second one contains
all gauge dependent terms, and the third one is the contribution of diagrams with a matter
loop. For the Feynman gauge and a special choice of the higher derivative regulator in the
gauge fixing term we analytically calculate these integrals in the limit k → 0. In particular,
in addition to the leading logarithmically divergent terms, which are determined by integrals
of double total derivatives, we also find the finite constants.
1 Introduction
Investigation of higher loop quantum corrections in N = 1 supersymmetric gauge theories
is an interesting and complicated problem needed for doing precise calculations in quantum
field theory models [1]. Moreover, explicitly calculating quantum corrections one can verify
some general statements about their structure. For example, the explicit three- [2, 3] and four-
loop [4] calculations demonstrated that the NSVZ β-function [5, 6, 7, 8] is not valid if the
calculations are made in the DR-scheme, due to the scheme-dependence of the NSVZ relation
[9, 10]. Therefore, to obtain the NSVZ scheme, in each order it is necessary to make a special
finite renormalization which relates it to the DR scheme [2, 3, 11]. The multiloop calculations
made with the higher derivative regularization [12, 13] in the supersymmetric version [14, 15]
allowed to understand how to construct the general all-order prescription for obtaining the NSVZ
scheme in supersymmetric theories both in the Abelian [16, 17, 10] and non-Abelian [18] cases.
These calculations (see, e.g., [19, 20, 21, 22, 23, 24, 25]) demonstrate that the β-function in
supersymmetric theories regularized by higher covariant derivatives is given by integrals of total
derivatives [26] and even double total derivatives [27].1 At present, this has also been proved in
all loops in the Abelian case [31, 32]. The similar factorization into double total derivatives has
been proved for the Adler D-function [33] in N = 1 SQCD [34, 35] and for the photino mass
renormalization in the softly broken N = 1 SQED [36]. Such a structure of loop integrals leads
to the NSVZ (or NSVZ-like [37, 38, 39]) relations for the renormalization group (RG) functions
defined in terms of the bare coupling constant. Consequently, the NSVZ (or NSVZ-like) scheme
1Such a factorization into integrals of total derivatives does not take place in the case of using the dimensional
reduction [28], see [29, 30].
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for the RG functions defined in terms of the renormalized coupling constant [10, 16, 17, 18, 40]
appears to be the higher covariant derivative regularization supplemented by the subtraction
scheme in which only powers of ln Λ/µ are included into the renormalization constants, where
Λ is the dimensional parameter of the regularized theory and µ is a normalization point. In
some sense, this scheme is analogous to the minimal subtractions, so that we will call it HDMS.
However, to explicitly verify that this scheme really coincides with the NSVZ scheme, one has to
calculate the β-function at least in the three-loop approximation, where the scheme dependence
becomes essential. This problem is very complicated from the technical point of view due to the
large number of supergraphs which should be considered. Nevertheless, sometimes it is possible
to simplify some parts of the multiloop calculations. Say, there is a large number of multiloop
graphs which contain subdiagrams of the structure presented in Fig. 1.
Figure 1: The diagrams contributing to the two-point Green function of the quantum gauge
superfield.
In this paper we calculate the sum of the one-loop superdiagrams which have such a structure
for the general N = 1 supersymmetric Yang–Mills theory with matter, regularized by the BRST-
invariant version of the higher covariant derivative regularization. In other words, we calculate
the two-point Green function of the quantum gauge superfield in the one-loop approximation.
For this purpose, in Sect. 2 we introduce the theory and describe the regularization procedure.
In Sect. 3 we present the diagrams contributing to the considered Green function and the result
of the calculation given by Eq. (16). This equation is the main result of this paper. It consists
of three parts: the expression for the pure supersymmetric Yang–Mills theory in the minimal
gauge, the gauge dependent part, and the matter contribution. For the Feynman gauge ξ0 = 1
and a special higher derivative regulator in the gauge fixing term the integrals in Eq. (16) are
calculated in the limit k/Λ → 0. The details of this calculation are described in the Appendix,
where we find both logarithmically divergent terms and finite constants.
2 N = 1 SYM and the higher derivative regularization
In this paper we consider the massless N = 1 supersymmetric gauge theory with a simple
gauge group G and matter superfields in a certain representation R. The most convenient way
to describe this theory is to use the N = 1 superfields, see, e.g., [41, 42]. Then the action can
be written in the form
S =
1
2e20
tr Re
∫
d4x d2θW aWa+
1
4
∫
d4x d4θ φ∗i(e2V )i
jφj+
(1
6
∫
d4x d2θ λijk0 φiφjφk+c.c.
)
, (1)
where V (x, θ) is the gauge superfield and φi denotes chiral matter superfields in the represen-
tation R of the gauge group. In our notation, the supersymmetric gauge superfield strength
is Wa ≡ D¯2(e−2VDae2V )/8 = e0WAtA, and the generators of the fundamental representation
are normalized by the condition tr(tAtB) = δAB/2. (Certainly, in the action for the matter
superfields V = e0V
ATA, where TA are the generators of the representation R.) The subscript
0 indicates bare couplings.
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In this paper we will use the same version of the higher covariant derivative regularization as
in Ref. [24]. This regularization is convenient, because it does not break the BRST-invariance
of the gauge-fixed theory [43, 44].2 Also it is convenient to use the background field method,
which is introduced by making the quantum-background splitting
e2V → eΩ+e2V eΩ, (2)
where Ω is related to the background gauge superfield V by the equation e2V = eΩ
+
eΩ. Sim-
ilarly, we introduce the gauge extension Ω of the superfield V by the equation e2V = eΩ
+
eΩ.
Then, following Ref. [24], we add the higher derivative term SΛ to the classical action, so that
S + SΛ =
1
2e20
Re tr
∫
d4x d2θW a
[
e−Ωe−ΩR
(
− ∇¯
2∇2
16Λ2
)
eΩeΩ
]
Adj
Wa +
1
4
∫
d4x d4θ φ+
×eΩ+eΩ+F
(
− ∇¯
2∇2
16Λ2
)
eΩeΩφ+
(1
6
∫
d4x d2θ λijk0 φiφjφk + c.c.
)
, (3)
where the functions R and F rapidly growing at infinity satisfy the conditions R(0) = F (0) = 1
and
Wa =
1
8
D¯2
(
e−Ωe−2V e−Ω
+
Da(e
Ω+e2V eΩ)
)
. (4)
The covariant derivatives are defined as
∇a = e−Ω+e−Ω+DaeΩ+eΩ+ ; ∇¯a˙ = eΩeΩD¯a˙e−Ωe−Ω. (5)
The gauge fixing term invariant under the background gauge transformations is chosen in the
form
Sgf = − 1
16ξ0e20
tr
∫
d4x d4θ∇2V K
(
− ∇¯
2
∇
2
16Λ2
)
Adj
∇¯
2V, (6)
where
∇a = e
−Ω
+
Dae
Ω
+
; ∇¯a˙ = e
ΩD¯a˙e
−Ω, (7)
so that the corresponding Faddeev–Popov action is
SFP =
1
e20
tr
∫
d4x d4θ
(
eΩc¯e−Ω + e−Ω
+
c¯+eΩ
+
)
×
{( V
1− e2V
)
Adj
(
e−Ω
+
c+eΩ
+
)
+
( V
1− e−2V
)
Adj
(
eΩce−Ω
)}
. (8)
Also it is necessary to introduce the Nielsen–Kallosh ghosts. They interact only with the back-
ground gauge superfield and are not essential in this paper. Their action SNK can be found in
[24].
For regularizing one-loop divergences which remain after adding SΛ we insert into the gen-
erating functional the Pauli–Villars determinants [45, 46]. According to [24], the one-loop di-
vergences introduced by the gauge and ghost superfields are cancelled if one introduces three
2Certainly, it is possible to use simpler versions of the higher derivative regularization breaking the BRST
invariance, see, e.g., [19, 20]. However, it is highly desirable that a regularization does not break as many
symmetries as possible in order that the corresponding Slavnov–Taylor identities take place for the regularized
theory.
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chiral (commuting) Pauli–Villars superfields ϕα with α = 1, 2, 3 in the adjoint representation of
the gauge group,
Sϕ =
1
2e20
tr
∫
d4x d4θ
(
ϕ+1
[
eΩ
+
eΩ
+
R
(
− ∇¯
2∇2
16Λ2
)
eΩeΩ
]
Adj
ϕ1 + ϕ
+
2
[
eΩ
+
e2V eΩ
]
Adj
ϕ2
+ϕ+3
[
eΩ
+
e2V eΩ
]
Adj
ϕ3
)
+
1
2e20
tr
(∫
d4x d2θMϕ
(
ϕ21 + ϕ
2
2 + ϕ
2
3
)
+ c.c.
)
. (9)
To cancel the one-loop divergences coming from the matter loop, we introduce the chiral (com-
muting) Pauli–Villars superfield Φi in a certain representation RPV of the gauge group with the
action
SΦ =
1
4
∫
d4x d4θΦ∗i
[
eΩ
+
eΩ
+
F
(
− ∇¯
2∇2
16Λ2
)
eΩeΩ
] j
i
Φj +
(1
4
∫
d4x d2θM ijΦiΦj + c.c.
)
, (10)
where we assume the existence of the gauge invariant mass term such that M jiM∗kj =M
2 δik.
Then, we insert into the generating functional
Det(PV,Mϕ)
−1 ·Det(PV,M)c =
∫
Dϕ1Dϕ2Dϕ3 exp (iSϕ) ·
(∫
DΦexp (iSΦ)
)
−c
, (11)
where c = T (R)/T (RPV). It is important that the masses of the Pauli–Villars superfields
should be proportional to the parameter Λ which appears in the higher derivative term and the
coefficients of the proportionality are independent of the coupling constant,
Mϕ ≡ aϕΛ; M ≡ aΛ. (12)
3 One-loop two-point Green function of the quantum gauge su-
perfield
In this paper we find the two-point Green function of the quantum gauge superfield for the
theory described in the previous section in the one-loop approximation. This may considerably
simplify some multiloop calculations, because in calculating higher order corrections to various
Green functions one often encounters graphs containing the subdiagrams of the structure pre-
sented in Fig. 1. Certainly, it is necessary to distinguish the two-point Green functions of the
background gauge superfield and of the quantum gauge superfield. The former Green function
is evidently transversal due to the unbroken background gauge invariance. The quantum cor-
rections to the two-point Green function of the quantum gauge superfield are also transversal,
but in the tree approximation it is necessary to take into account that the gauge fixing action
is not transversal.3 In the supersymmetric case this implies that the part of the effective ac-
tion corresponding to the two-point Green function of the quantum gauge superfield V can be
presented in the form
Γ
(2)
V − S(2)gf = −
1
8pi
tr
∫
d4k
(2pi)4
d4θ V (−k, θ)∂2Π1/2V (k, θ) d−1q (α0, λ0, k2/Λ2), (13)
3The transversality of the quantum corrections in this case can be proved with the help of the Slavnov–Taylor
identities [47, 48] and the Schwinger–Dyson equations for ghosts.
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where ∂2Π1/2 ≡ −DaD¯2Da/8 is the supersymmetric analog of the transversal projection op-
erator. The coefficient in Eq. (13) is chosen so that in the tree approximation (for the non-
regularized theory) the function dq coincides with the bare coupling constant α0. Thus, quantum
corrections to this function are encoded in the function Π defined by the equation
d−1q (α0, λ0, k
2/Λ2)− α−10 R(k2/Λ2) ≡ −α−10 Π(α0, λ0, k2/Λ2). (14)
(The regulator R is present in the action of the regularized theory and, therefore, should be
included into this definition.) The function Π can be called the polarization operator of the
quantum gauge superfield in the supersymmetric case. To find this function in a certain approx-
imation, it is necessary to calculate all corresponding 1PI diagrams of the structure presented
in Fig. 1.
If the polarization operator is known, then the effective propagator of the gauge superfield
V A can be written as
2i
(
1
(R−Π)∂2 −
1
16∂4
(
D2D¯2 + D¯2D2
)(ξ0
K
− 1
R−Π
))
δ8(x1 − x2)δAB , (15)
where R = R(∂2/Λ2), K = K(∂2/Λ2), and Π = Π(α0, λ0, ∂
2/Λ2). With the help of this equation
the calculations of multiloop diagrams containing the subdiagrams of the structure presented in
Fig. 1 can be considerably simplified.
In this paper we calculate the function (14) in the one-loop approximation. It is contributed
to by the diagrams presented in Fig. 2, where the wavy lines correspond to the quantum gauge
superfield V , the dashed lines correspond to the Faddeev–Popov ghosts, and the solid lines
correspond to the chiral matter superfields (including the Pauli–Villars ones).
Figure 2: One-loop contribution to the polarization operator of the quantum gauge superfield.
After calculating the diagrams presented in Fig. 2 in the case of using the BRST-invariant
version of the higher covariant derivative regularization described above we have obtained the
following result for the (unrenormalized) polarization operator:
Π(α0, λ0, k
2/Λ2) = −8piα0
(
C2 f(k/Λ) + C2 g(ξ0, k/Λ) + T (R)h(k/Λ)
)
+O(α20, α0λ
2
0), (16)
where k ≡
√
k2 is the length of the Euclidean momentum kα. Here the contribution containing
the function f gives the result for the pure supersymmetric Yang–Mills theory in the minimal
gauge (ξ0 = 1 and R(x) = K(x)), the function g is a sum of all gauge dependent terms, and the
function h includes all contributions of the chiral matter superfields φi and the corresponding
Pauli–Villars superfields Φi. These functions are given by the following Euclidean integrals:
f(k/Λ) = −
∫
d4l
(2pi)4
[
3
2
(
1
l2(l + k)2
− 1
(l2 +M2ϕ)((l + k)
2 +M2ϕ)
)
− Rl −Rk
Rll2
(
1
(l + k)2
5
− 1
l2 − k2
)
− 2
Rl((l + k)2 − l2)
(
Rl+k −Rl
(l + k)2 − l2 −
R′l
Λ2
)
+
1
RlRl+k
(
Rl+k −Rl
(l + k)2 − l2
)2
+
2Rkk
2
l2(l + k)2RlRl+k
(
Rl+k −Rk
(l + k)2 − k2
)
+
lµk
µRk
l2Rl(l + k)2Rl+k
(
Rl+k −Rl
(l + k)2 − l2
)
− 2lµk
µ
l2RlRl+k
×
(
Rl+k −Rk
(l + k)2 − k2
)(
Rl+k −Rl
(l + k)2 − l2
)
+
2k2
(l + k)2RlRl+k
(
Rl −Rk
l2 − k2
)2
+
k2lµ(l + k)
µ
l2(l + k)2RlRl+k
×
(
Rl −Rk
l2 − k2
)(
Rl+k −Rk
(l + k)2 − k2
)
− 2
(l + k)2 − k2
(
Rl+k −Rk
(l + k)2 − k2 −
R′k
Λ2
)
k2
l2Rl
+
2lµk
µ
l2Rl
×
(
Rl
(l2 − (l + k)2) (l2 − k2) +
Rl+k
((l + k)2 − l2) ((l + k)2 − k2) +
Rk
(k2 − l2) (k2 − (l + k)2)
)
+
1
2((l + k)2 − l2)
(
2Rl+kR
′
l+k(l + k)
2
Λ2((l + k)2R2l+k +M
2
ϕ)
− 2RlR
′
ll
2
Λ2(l2R2l +M
2
ϕ)
− 1
(l + k)2 +M2ϕ
+
1
l2 +M2ϕ
+
R2l+k
(l + k)2R2l+k +M
2
ϕ
− R
2
l
l2R2l +M
2
ϕ
)]
; (17)
g(ξ0, k/Λ) =
∫
d4l
(2pi)4
[
1
2l4
( ξ0
Kl
− 1
Rl
)(
Rk+l − 2
3
Rk
)
− 1
2Rll2(k + l)4
( ξ0
Kk+l
− 1
Rk+l
)
×(kµRk + lµRl)2 − R
2
kk
2lµ(k + l)µ
4l4(k + l)4
( ξ0
Kl
− 1
Rl
)( ξ0
Kk+l
− 1
Rk+l
)]
; (18)
h(k/Λ) =
∫
d4l
(2pi)4
1
((k + l)2 − l2)
[
− M
2F ′k+l
Λ2Fk+l((k + l)2F
2
k+l +M
2)
+
M2F ′l
Λ2Fl(l2F
2
l +M
2)
− 1
2(k + l)2
+
1
2l2
+
F 2k+l
2((k + l)2F 2k+l +M
2)
− F
2
l
2(l2F 2l +M
2)
]
, (19)
where Rk ≡ R(k2/Λ2), Kk ≡ K(k2/Λ2), and Fk ≡ F (k2/Λ2). Eqs. (16) — (19) are the main
result of this paper. They give the expression for the one-loop polarization operator in the
form of loop integrals and allow to simplify calculating sums of various multiloop superdiagrams
which contain subdiagrams presented in Fig. 1.
In the limit k → 0 the derivatives of the functions f and h with respect to lnΛ can be
presented as integrals of double total derivatives in the momentum space, so that
dΠ
d ln Λ
∣∣∣
k=0
= piα0
∫
d4l
(2pi)4
d
d ln Λ
(
∂
∂lµ
∂
∂lµ
[C2
l2
ln
(
1 +
M2ϕ
l2R2l
)
+
2C2
l2
ln
(
1 +
M2ϕ
l2
)
−T (R)
l2
ln
(
1 +
M2
l2F 2l
)]
+ 8C2
(
− 1
3Rll4
+
ξ0
3Kll4
)
+O(α0, λ
2
0)
)
. (20)
This expression coincides with the corresponding result obtained in Ref. [24]. This coincidence
can be used for checking the correctness of the calculations. Calculating the integrals in Eq.
(20) we obtain
dΠ
d ln Λ
∣∣∣
k=0
=
α0
2pi
(
3C2 − T (R)
)
− α0C2(1− ξ0)
3pi
+O(α20, α0λ
2
0). (21)
Here the last term containing (1 − ξ0) comes from the function g. Note that in Eq. (20) the
corresponding contribution is not given by an integral of total derivatives. Due to the presence
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of this contribution the function Π appears to be gauge dependent. However, it is possible to
remove all gauge dependent terms by choosing the Feynman gauge ξ0 = 1 and imposing the
condition R(x) = K(x), because in this case g = 0.
It is interesting to find the explicit expressions for the functions f(k/Λ) and h(k/Λ) in the
limit k/Λ→ 0. In the Appendix we demonstrate that the former function can be written as
f(k/Λ) = − 3
16pi2
(
ln
Mϕ
k
+ 1 + o(1)
)
= − 3
16pi2
(
ln
Λ
k
+ ln aϕ + 1 + o(1)
)
, (22)
where o(1) denotes terms vanishing in the limit k/Λ→ 0.
Also it is possible to find the asymptotic behaviour of the function h(k/Λ). Again, this is
done in the Appendix. The result has the form
h(k/Λ) =
1
16pi2
(
ln
M
k
+ 1 + o(1)
)
=
1
16pi2
(
ln
Λ
k
+ ln a+ 1 + o(1)
)
. (23)
Note that Eqs. (22) and (23) include not only the logarithmically divergent terms, but also the
finite constants. Certainly, the logarithmically divergent terms are removed by performing the
one-loop renormalization (see, e.g., [49]), which we will not discuss here.
4 Conclusion
In this paper we present the expression for the one-loop polarization operator of the quantum
gauge superfield in the one-loop approximation in the case of using the BRST-invariant version
of the higher covariant derivative regularization. The main result of this paper given by Eq. (16)
is divided into three parts: the part corresponding to the supersymmetric Yang–Mills theory
without matter in the minimal gauge (ξ0 = 1 and K(x) = R(x)) is included into the function f ,
the function g contains all gauge dependent terms, and the matter contributions are collected
in the function h. All these functions are given by complicated integrals which can be written
as sums of logarithmically divergent terms, finite constants, and terms vanishing in the limit
k → 0. In the minimal gauge the logarithmical divergences are determined by the integrals of
double total derivatives, in agreement with Ref. [24]. In this paper we also calculate constant
terms in the minimal gauge for an arbitrary choice of the higher derivative regulators R(x) and
F (x). These finite terms appear to be independent of R(x) and F (x), because the contributions
depending on these functions are given by integrals of total derivatives in the momentum space.
The expression for the polarization operator (16) may considerably simplify calculations of
various Green functions in higher orders of the perturbation theory, because it allows summing
multiloop diagrams containing the subdiagram presented in Fig. 1. We hope to use it for doing
various two- and three-loop calculations in non-Abelian supersymmetric theories regularized by
higher derivatives and investigating the possibility to present the β-function in the NSVZ form
in higher orders of the perturbation theory.
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Appendix: Asymptotic behaviour of the functions f(k/Λ) and
h(k/Λ)
Let us find the asymptotic behaviour of the function f(k/Λ) in the limit k/Λ→ 0. For this
purpose we present the expression (17) in the form
f(k/Λ) = f1(k/Λ) + f2(k/Λ), (24)
where
f1(k/Λ) ≡ −3
2
∫
d4l
(2pi)4
(
1
l2(l + k)2
− 1
(l2 +M2ϕ)((l + k)
2 +M2ϕ)
)
= − 3
16pi2
(
ln
Mϕ
k
+
√
1 +
4M2ϕ
k2
arctanh
√
k2
k2 + 4M2ϕ
)
= − 3
16pi2
(
ln
Mϕ
k
+ 1 + o(1)
)
(25)
and f2(k/Λ) includes all remaining terms of Eq. (17). (The derivation of Eq. (25) can be found,
e.g., in [50, 51].) Using Eq. (17), in the limit k/Λ→ 0 we obtain
f2(0) =
∫
d4l
(2pi)4
d
dl2
(
1
2(l2 +M2ϕ)
− R
2
l
2(l2R2l +M
2
ϕ)
+
M2ϕR
′
l
Λ2Rl(l2R
2
l +M
2
ϕ)
)
. (26)
Evidently, the integrand does not depend on the angular variables. Therefore, after integrating
over the angles, d4l → pi2l2dl2. Introducing a new variable x ≡ l2/Λ2 and integrating by parts,
after some transformations the considered expression can be written as an integral of a total
derivative,
f2(0) = − 1
16pi2
∞∫
0
dx
(
a2ϕR
′(x)
R(x)(xR2(x) + a2ϕ)
+
1
2(x+ a2ϕ)
− R
2(x)
2(xR2(x) + a2ϕ)
)
=
1
32pi2
∞∫
0
dx
d
dx
ln
1 + a2ϕ/(xR
2(x))
1 + a2ϕ/x
= 0. (27)
Therefore, in the limit k/Λ→ 0
f(k) = − 3
16pi2
(
ln
Mϕ
k
+ 1 + o(1)
)
. (28)
The asymptotic behaviour of the function h(k/Λ) can be found by a similar method. First,
we present this function in the form
h(k/Λ) = h1(k/Λ) + h2(k/Λ), (29)
where
h1(k/Λ) ≡ 1
2
∫
d4l
(2pi)4
(
1
l2(l + k)2
− 1
(l2 +M2)((l + k)2 +M2)
)
=
1
16pi2
(
ln
M
k
+ 1 + o(1)
)
; (30)
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h2(k/Λ) =
∫
d4l
(2pi)4
1
((k + l)2 − l2)
(
− M
2F ′k+l
Λ2Fk+l((k + l)2F
2
k+l +M
2)
+
M2F ′l
Λ2Fl(l2F
2
l +M
2)
− 1
2((k + l)2 +M2)
+
1
2(l2 +M2)
+
F 2k+l
2((k + l)2F 2k+l +M
2)
− F
2
l
2(l2F 2l +M
2)
)
. (31)
Unlike h(k/Λ), the function h2(k/Λ) has the limit at k/Λ→ 0,
h2(0) =
∫
d4l
(2pi)4
d
dl2
(
− M
2F ′l
Λ2Fl(l2F
2
l +M
2)
− 1
2(l2 +M2)
+
F 2l
2(l2F 2l +M
2)
)
. (32)
Comparing this expression with Eq. (26) and making the transformations similar to the ones
described above, we obtain
h2(0) = − 1
32pi2
∞∫
0
dx
d
dx
ln
1 + a2/(xF 2(x))
1 + a2/x
= 0, (33)
where x ≡ l2/Λ2, as earlier. Note that the expression h2(0) (similarly to the expression f2(0))
is given by a vanishing integral of a total derivative.
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